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Abstract
Let X be a Brauer–Severi variety over a field k associated with a central simple k-algebra of index two.
This variety has the property of being isomorphic to a projective space PN
L
after base change to a degree
two Galois extension L. A locally free sheaf on X is called absolutely split if it splits after base change as
a direct sum of invertible sheaves on the projective space.
We classify the isomorphism classes of absolutely split locally free sheaves on X.
© 2012 Elsevier Masson SAS. All rights reserved.
1. Introduction
The goal of this paper is to give a complete description of absolutely split locally free sheaves
on a certain type of Brauer–Severi variety over a field k. We say a scheme X over k is a Brauer–
Severi variety if X ⊗k k¯ is isomorphic to PNk¯ , where N is the dimension of X.
Grothendieck [6] showed that on the projective line P1k every locally free sheaf E of finite
rank is the direct sum of invertible sheaves. In higher dimensions such a result does not hold. For
example, the tangent sheaf TPnk for n > 1 does not split into a direct sum of invertible sheaves(see [7]).
One can ask what happens considering twisted forms of the projective line, so-called nonde-
generate one-dimensional conics over k with no rational point. Such a conic is a one-dimensional
Brauer–Severi variety of index two. Independently, in [3] and [9] all locally free sheaves on a
conic have been classified.
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in any dimension.
Biswas and Nagaraj [4] considered the case of a Brauer–Severi variety over the field of real
numbers and classified all absolutely split locally free sheaves on it. A locally free sheaf E on
a Brauer–Severi variety is called absolutely split if E ⊗k k¯ splits as a direct sum of invertible
sheaves on X ⊗k k¯ ∼= PNk¯ , for N = dim(X). Clearly, if E is absolutely split then E ⊗k K splits
as a direct sum of invertible sheaves on PNK , where K is any field extension of k for which
X ⊗k K ∼= PNK .
It is well known that a Brauer–Severi variety is in one-to-one correspondence with a central
simple k-algebra. But for the real numbers we have Br(R) ∼= Z/2Z, thus the nontrivial central
simple R-algebras are isomorphic to Matn(H) according to Wedderburn’s theorem and have in-
dex two. Recall that the index of a central simple k-algebra A is
√
dimkD, where D is the unique
division algebra, for which, according to Wedderburn’s theorem, A is isomorphic to Matn(D),
for some n. So Biswas and Nagaraj considered the case of a Brauer–Severi variety corresponding
to the central simple R-algebra Matn(H).
In this paper we want to study the general case of Brauer–Severi varieties over an arbitrary
field k associated with central simple k-algebras of index two.
To do this, we show that there is a unique indecomposable locally free sheaf V of rank two
over X which is absolutely split and of degree two. Furthermore, let OX(2) be the generator of
Pic(X) ∼= 2Z as a subgroup of Pic(PN
k¯
). The index of a Brauer–Severi variety is the index of the
corresponding central simple k-algebra.
With this notation we prove the following theorem:
Theorem 1.1. Let X be a Brauer–Severi variety of index two and E a absolutely split locally free
sheaf on X. Then E is isomorphic to a locally free sheaf of the form:(
r⊕
i=1
OX(2)⊗ai
)
⊕
(
s⊕
j=1
OX(2)⊗bj ⊗ V
)
with uniquely determined r , s, ai and bj and V ⊗k L ∼= OPNL (1)
⊕2
, where N = dim(X) and L
is a degree two Galois extension that splits X. The sheaf V is unique with respect to the above
property.
This theorem classifies all absolutely split locally free sheaves on a Brauer–Severi variety of
index two and implies the results in [2–4] and [9] as a special case.
2. Brauer–Severi varieties and central simple k-algebras
Throughout this paper k will be an arbitrary field and X denotes a Brauer–Severi variety over
k of arbitrary dimension.
In this section we review briefly the theory of Brauer–Severi varieties and the one-to-one
correspondence with central simple k-algebras. The main reference is [5].
Definition 2.1. A Brauer–Severi variety of dimension n over k is a scheme X over k such that
X ⊗k k¯ ∼= Pnk¯ .
A field extension K for which X ⊗k K ∼= Pn is called splitting field of X.K
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and, by passing to the Galois closure, over a finite Galois extension of the base field k
(see [5, Corollary 5.1.5]). It follows from Galois descent, that X is projective and smooth
over k.
To explain the one-to-one correspondence between Brauer–Severi varieties and central simple
k-algebras we have to describe Brauer–Severi varieties cohomologically.
For this let L be a finite Galois splitting field of X with Galois group G. Denote by BSn(L|k)
the pointed set of isomorphism classes of Brauer–Severi varieties of dimension n split by L.
Given an isomorphism f :X ⊗k L → PnL we consider for each σ ∈ G the diagram:
X ⊗k L f PnL
X ⊗k L
id⊗σ
f
P
n
L
id⊗σ
For id ⊗ σ we shortly write σ . Then aσ = f ◦ σ ◦ f−1 ◦ σ−1 is an automorphism of PnL. Define
a morphism G → Aut(PnL) that sends σ to aσ . An easy computation shows that aσ is a cocycle.
Since Aut(PnL) = PGLn+1(L) we get a class [aσ ] in H 1(G,PGLn+1(L)). Finally we get a map
BSn(L|k) → H 1(G,PGLn+1(L)) by sending the class of X to [aσ ].
The following proposition is a well-known fact (see [5, Theorem 5.2.1]).
Proposition 2.2. Let L be a finite Galois extension of k and G the Galois group. Then the above
constructed map is a base point preserving bijection
BSn(L|k)
∼=−→ H 1(G,PGLn+1(L))
with base point being the class of PnL.
We denote by BSn(k) =⋃L|k BSn(L|k) the set of all isomorphism classes of Brauer–Severi
varieties of dimension n. Then by passing to the direct limit we get a unique natural bijection:
BSn(k)
∼=−→ H 1(Gal(ksep∣∣k),PGLn+1(ksep))
On the other hand we can consider a analogue diagram for central simple k-algebras of degree
n+ 1. A noncommutative k-algebra A is called simple if it has no (two sided) ideal other than 0
and A. Recall that A is central if its center equals k. A field extension K is called splitting field
of A if A⊗k K is isomorphic to the matrix algebra Matn(K), for some n.
The integer
√
dimkA is called the degree of A and is denoted by deg(A). There is always a
finite Galois field extension of k that splits A (see [5, Corollary 2.2.6]).
Now take such a Galois extension L and let us denote by CSAn+1(L|k) the set of k-
isomorphism classes of central simple k-algebras of degree n + 1 split by L.
Let f :A⊗k L → Matn+1(L) be an isomorphism and σ ∈ G, then the diagram
A⊗k L f Matn+1(L)
A⊗k L
id⊗σ
f Matn+1(L)
id⊗σ
yields an automorphism aσ = f ◦ σ ◦ f−1 ◦ σ−1 of Matn+1(L) that is a cocycle. Since
Aut(Matn+1(L)) = PGLn+1(L) we get a class [aσ ] in H 1(G,PGLn+1(L)).
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Proposition 2.3. The above constructed morphism is a base point preserving bijection
CSAn+1(L|k)
∼=−→ H 1(G,PGLn+1(L))
with base point being the class of Matn+1(L).
As we have done in the case of the set of all isomorphism classes of Brauer–Severi varieties
BSn(k), we denote by CSAn+1(k) =⋃L|k CSAn+1(L|k) the set of all isomorphism classes of
central simple k-algebras of degree n+ 1.
So by definition we can pass to the direct limit and get a bijection:
CSAn+1(k)
∼=−→ H 1(Gal(ksep∣∣k),PGLn+1(ksep))
Summarizing the last two propositions we get a one-to-one correspondence between central sim-
ple k-algebras of degree n+ 1 and Brauer–Severi varieties of dimension n.
3. Invariants of Brauer–Severi varieties
In this section we recall the standard invariants of Brauer–Severi varieties and central simple
k-algebras respectively, namely the period and the index and their properties.
Let Br(k) denote the Brauer group of k, that is the group of Brauer equivalent central simple
k-algebras. A central simple k-algebra A ∼= Matn(D1) is Brauer equivalent to B ∼= Matm(D2),
if D1 ∼= D2, where Di are division algebras. The group operation is given by the tensor product.
For example, the Brauer group of a finite field Fq is trivial (see [5, Theorem 6.2.6]).
First we recall some facts about Galois Coverings (see [8, Paragraph 5]) and apply them to
Brauer–Severi varieties to recall the notion of the period.
We shall say a morphism f :Z → Y , that is locally of finite-type, is unramified at z ∈ Z if
OZ,z/myOZ,z is a finite separable field extension of k(y), where y = f (z). The morphism is
unramified if it is unramified at every z ∈ Z. A morphism of schemes is defined to be étale if it
is flat and unramified.
Now let Et(Y ) denote the category of finite and e´tale Y -schemes. For any Y -scheme Z, we
write AutY (Z) for the group of automorphisms of Z. This group acts on the functor F : Et(Y ) →
Sets, F(Z) = Hom(y¯,Z), for a geometric point y¯ on the right. If Y is connected this action is
faithful. If furthermore the action is transitive, then Z is said to be Galois over Y .
If G is a finite group, then GZ denotes the scheme
∐
σ∈G Zσ , where Zσ ∼= Z. Let G act
on Z, then we say that Z → Y is Galois with Galois group G, if the map is faithfully flat and if
ψ :GZ → Z ×Z, defined by ψ|Zσ = (z 	→ (z, zσ )), is an isomorphism with respect to the action
of G.
For such a Galois covering with Galois group G and a sheaf F for the e´tale topology
on Y there is the Hochschild–Serre spectral sequence (see [8, Chapter III, Theorem 2.20])
Hp(G,Hq(Zet ,F)) ⇒ Hp+q(Yet ,F).
Applying this to the Galois covering PnL → X with Galois group G = Gal(L|k), for the finite
Galois splitting field L, and sheaf Gm we get the four term exact sequence:
0 → H 1(G,H 0(PnL,Gm))→ H 1(X,Gm) → H 0(G,H 1(PnL,Gm))
→ H 2(G,H 0(Pn ,Gm))L
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rem 90, H 1(X,Gm) = Pic(X), H 0(G,H 1(PnL,Gm)) = Pic(PnL)G = Z and H 2(G,H 0(PnL,Gm)) =
H 2(G, k∗) = Br(k), we finally get the following exact sequence:
0 → Pic(X) deg→ Z δ→ Br(k)
A theorem due to Lichtenbaum (see [5, Theorem 5.4.10]) states that the boundary map δ is given
by sending 1 to the class of X in Br(k). Here the class of X is that of the corresponding central
simple k-algebra.
It follows that Pic(X) is identified with some subgroup rZ of Z. So r is the order of A in
Br(k), where A is the central simple k-algebra associated to X. This order is called the period of
X and is also the smallest positive integer r such that OX(r) is defined. We denote the period of
X by per(X) or per(A).
Definition 3.1. Let X be a Brauer–Severi variety of dimension n over k. Then a linear subvariety
of X is a closed subscheme Y ⊂ X such that Y ⊗k L ⊂ X ⊗k L ∼= PnL is a linear subspace of the
projective space.
The index of X is defined to be the smallest integer d > 0 such that there is a linear subvariety
Y with d − 1 = dim(Y ). It is denoted by ind(X) and clearly ind(X)  n + 1, where equality
holds if and only if there is no proper linear subvariety Y ⊂ X.
On the other hand there is also a definition of the index for central simple k-algebras. Let B be
a central simple k-algebra then by Wedderburn’s theorem there is an isomorphism B ∼= Matn(D)
with a unique division algebra D. So the index of B is defined to be
√
dimkD and is denoted by
ind(B).
We can state a proposition due to Châtelet (see [5, Corollary 5.3.6]).
Proposition 3.2. Let X be a Brauer–Severi variety and A the associated central simple k-
algebra. Then all linear subvarieties Y of X have the same dimension satisfying the equality
dim(Y ) = ind(A) − 1
Remark 3.3. From Proposition 3.2 we conclude that the index of X equals the index of the
corresponding central simple k-algebra A.
Furthermore, it is a well-known fact that the index of a central simple k-algebra A is the
smallest among the degrees of finite separable field extensions that split A and that the period
divides the index and they have the same prime factors (see [5, Proposition 4.5.13]).
Lemma 3.4. Let X be a Brauer–Severi variety and A the associated central simple k-algebra.
Then the following holds:
per(A)
∣∣ind(A)∣∣deg(A)
Proof. Because of the fact that the period divides the index we only have to prove ind(A)|deg(A).
According to Wedderburn’s theorem we have A ∼= Matm(D), for some m. This implies dimkA =
m2 · dimkD, hence deg(A) = m · ind(A). This completes the proof. 
418 S. Novakovic´ / Bull. Sci. math. 136 (2012) 413–422Remark 3.5. For every triple (p, i, d) ∈N3, satisfying the relations p|i and i|d , one can ask for
the existence of a Brauer–Severi variety X with per(A) = p, ind(A) = i and deg(A) = d . If it
exists, such a scheme we want to call a Brauer–Severi variety of type (p, i, d).
Remark 3.6. If the period or the index of a Brauer–Severi variety X is one, we have X ∼= Pnk .
Hence X ∼= Pnk if and only if X is of type (1,1, n + 1).
Recall that for a field k with ch(k) = 2, for any two elements a, b ∈ k∗ one can define a quater-
nion algebra (a, b) as the 4-dimensional k-algebra with basis 1, i, j , ij , where the multiplication
is determined by i2 = a, j2 = b and ij = −ji. If this quaternion algebra does not split it is a
division algebra. For a = b = −1 we get the usual Hamilton quaternions. In characteristic 2 one
defines the quaternion algebra by the presentation
(a, b) = 〈i, j ∣∣i2 + i = a, j2 = b, ij = ji + i〉
This algebra has properties analogous to those in the ch(k) = 2 case (see [5, Chapter 1, Ex-
ercise 4]). Furthermore in both cases the quaternion algebra (a, b) has a degree two separable
splitting field and therefore ind((a, b)) = 2.
Lemma 3.7. Let D = (a, b) be a quaternion algebra that does not split. Then X is a Brauer–
Severi variety associated with Matm(D) if and only if X is of type (2,2,2m).
Proof. Let X be the Brauer–Severi variety associated with Matm(D), where D = (a, b), then
ind(X) = 2. But ind(X) = 2 implies per(X) = 2 by Lemma 3.4. Since deg(X) = m · ind(X) =
2m, we immediately see that X is of type (2,2,2m).
Now assume that we are given a Brauer–Severi variety of type (2,2,2m). Then the corre-
sponding central simple k-algebra A is not split and has index two. But ind(A) = 2 implies
that dimkD = 4 for the division algebra D, with A ∼= Matm(D). But every division alge-
bra of dimension four is a quaternion algebra (see [5, Proposition 1.2.1]). From this follows
A ∼= Matm((a, b)). 
Remark 3.8. Lemma 3.7 implies that every Brauer–Severi variety of index two exists, is of type
(2,2,2m) and has odd dimension.
Remark 3.9. By Remark 3.3 for a Brauer–Severi variety X of type (2,2,2m) there exists a
separable field extension k ⊂ L of degree two that splits X. Since degree two field extensions are
normal, k ⊂ L is a Galois extension. Hence for every Brauer–Severi variety of index two there is
a degree two Galois extension that splits X.
4. Indecomposable sheaf of rank two
In this section we show that there exists a unique indecomposable rank two locally free sheaf
on X that is absolutely split and of degree two.
Since Br(Fq) is trivial the index of a Brauer–Severi variety over a finite field has to be one.
Hence Brauer–Severi varieties of index two obviously are defined over infinite fields. So in the
next sections we can restrict ourselves to the case where X is defined over an infinite field k.
Recall that the Krull–Schmidt theorem holds in an abelian category C if every object A ∈
Ob(C) admits a unique decomposition as a direct sum of indecomposable objects.
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then p = q and Ai = A′j . In [1] Atiyah proved that in the category of locally free sheaves on a
projective scheme over k the Krull–Schmidt theorem holds.
Now let X be a Brauer–Severi variety of index two, so we have X ⊗k L ∼= P2m−1L , for a
degree two Galois splitting field L by Remark 3.9. We will denote by L the ample generator of
Pic(X ⊗k L).
Proposition 4.1. Let X be a Brauer–Severi variety of index two. Then there exists a rank two
locally free sheaf V on X such that V ⊗k L ∼=OP2m−1L (1)
⊕2
.
Proof. Let L the ample generator of Pic(X ⊗k L). The morphism Spec(L) → Spec(k) induces
the fibered product and therefore the morphism:
π :X ⊗k L → X
Let V = π∗L be the direct image of L over X. Therefore V is locally free of rank two. Con-
sequently, we have π∗V ∼= L⊕2 by Galois descent. Hence ∧2 π∗V = L⊗2. This completes the
proof. 
We can show that V is unique with respect to the above property using the next lemma:
Lemma 4.2. Let Y be a projective scheme over an infinite field k and let E and E ′ be two locally
free sheaves over Y . If E ⊗k K ∼= E ′ ⊗k K over Y ⊗k K , for a field extension K , then they are
already isomorphic over Y .
Proof. It is easy to show that for a finite dimensional k-vector space V the subset V ⊗1 ⊂ V ⊗K
is dense in the Zariski topology (see [3, Lemma 3.4]) if k is infinite.
Now we define V to be H 0(Y,Hom(E,E ′)) = H 0(Y,E∨ ⊗E ′)). Consider the K-vector space
V ⊗ K = H 0(Y ⊗k K,Hom(E ⊗ K,E ′ ⊗ K)). Since E ⊗k K ∼= E ′ ⊗k K , it can be shown that
there is a nonempty Zariski open subset U that parametrizes all global isomorphisms. Since V is
dense in V ⊗K , U ∩ V is nonempty. Hence there is an isomorphism E ∼= E ′. 
Remark 4.3. Indeed if V ′ and V are locally free sheaves on X, such that V ′⊗L ∼=O
P
2m−1
L
(1)⊕2 ∼=
V ⊗ L, then V ′ ∼= V by Lemma 4.2.
Lemma 4.4. The locally free sheaf V obtained in Proposition 4.1 is indecomposable.
Proof. Assume V = L1 ⊕L2 then π∗(L1 ⊕L2) = π∗L1 ⊕ π∗L2 = L⊕2. Since in the category
of locally free sheaves on X the Krull–Schmidt theorem holds, we conclude that π∗L1 ∼= L. But
O
P
2m−1
L
(1) does not descent to X. Therefore V is indecomposable. 
5. Classification
We are now able to prove the main theorem of this paper. As we have seen in Proposition 4.1
and Lemma 4.4 there exists a unique indecomposable rank two locally free sheaf V = π∗L, where
π :X ⊗k L → X is the projection for the degree two Galois extension L that splits X and L is
the ample generator of Pic(X ⊗k L). By Remark 3.9 such a degree two Galois splitting field L
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locally free sheaves on X.
Theorem 5.1. Let X be an Brauer–Severi variety of index two and E a absolutely split locally
free sheaf on X. Then E is isomorphic to a locally free sheaf of the form:(
r⊕
i=1
OX(2)⊗ai
)
⊕
(
s⊕
j=1
OX(2)⊗bj ⊗ V
)
with uniquely determined r , s, ai and bj and V ⊗k L ∼=OP2m−1L (1)
⊕2
, where 2m − 1 = dim(X)
and L is a degree two Galois extension that splits X. The sheaf V is unique with respect to the
above property.
Proof. As we have mentioned at the beginning of this section we can restrict ourselves to the
case of infinite fields.
Consider the morphism π :X ⊗k L → X as in the proof of Proposition 4.1. Since π∗E is the
direct sum of invertible sheaves and π∗E⊕2 = π∗E ⊕π∗E , the sheaf π∗E ⊕π∗E has to be of the
form (
r⊕
i=1
O
P
2m−1
L
(2ai)⊕2
)
⊕
(
s⊕
j=1
O
P
2m−1
L
(2bj + 1)⊕2
)
Now applying Proposition 4.1 and Lemma 4.2 and the fact that π∗V ∼= O
P
2m−1
L
(1)⊕2 it follows
that E ⊕ E on X is of the form(
r⊕
i=1
OX(2)⊗ai
)⊕2
⊕
(
s⊕
j=1
OX(2)⊗bj ⊗ V
)
Therefore, using the fact that in the category of locally free sheaves on X the Krull–Schmidt
theorem holds we conclude that E is of the form(
r⊕
i=1
OX(2)⊗ai
)
⊕
(
s⊕
j=1
OX(2)⊗bj ⊗ V
)
where r , s, ai and bj are uniquely determined. This completes the proof. 
This classifies all absolutely split locally free sheaves on a Brauer–Severi variety of index two.
6. Application
In the following section we prove that Theorem 5.1 generalizes the results obtained in [2–4]
and [9] and we prove a criterion for a locally free sheaf to be absolutely split.
Corollary 6.1. (See Biswas and Nagaraj [2,3], Novakovic´ [9].) Let X be a nondegenerate
anisotropic conic over a field k and E a locally free sheaf on X. Then E is isomorphic to a
locally free sheaf of the form:
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r⊕
i=1
ωX
⊗ai
)
⊕
(
s⊕
j=1
(
ω
⊗bj
X
)⊗A
)
with uniquely determined r , s, ai and bj and A⊗k L ∼= OP1L(−1)
⊕2
, where k ⊂ L is a degree
two Galois extension that splits X. The sheaf A is unique with respect to the above property.
Proof. Consider A = Mat1((a, b)) = (a, b). This quaternion algebra is up to isomorphism as-
sociated with the conic given by the equation ax2 + by2 = z2, or by ax2 + by2 = z2 + zx in the
characteristic 2 case [5, Remark 1.3.1]. The converse is also true (see [5, Corollary 5.4.8]). Hence
every nondegenerate conic can be associated with a quaternion algebra up to isomorphism. So
we can take X to be associated with A, for some a, b. Therefore X is of type (2,2,2). Since
every locally free sheaf on X splits as a direct sum of invertible sheaves on X ⊗k L ∼= P1L, the
assertion follows from Theorem 5.1 an taking the dual of OX(2) and V . 
Corollary 6.2. (See Biswas and Nagaraj [4].) Let M be a nontrivial Brauer–Severi variety over
R and E a absolutely split locally free sheaf on M . Then E is isomorphic to a locally free sheaf
of the form:(
r⊕
i=1
OM(2)⊗ai
)
⊕
(
s⊕
j=1
OM(2)⊗bj ⊗ VR
)
where r , s, ai and bj are uniquely determined. The sheaf VR is unique with the property VR⊗C∼=
O
P
2m−1
C
(1)⊕2.
Proof. It is known that Br(R) = Z/2Z. Therefor, the nontrivial element of the Brauer group is
the class of H. So the central simple R-algebra associated with M is Matm(H) and obviously
C is a degree two Galois splitting field of M . Hence M is of type (2,2,2m) and the corollary
follows immediately from Theorem 5.1. 
We finally give a criterion for a locally free sheaf E on X to be absolutely split. It is a simple
application of the Horrocks criterion (see [7, Theorem 2.3.2]).
Proposition 6.3. Let X be a Brauer–Severi variety of index two. A locally free sheaf E is abso-
lutely split if and only if the following two conditions hold:
1) Hi(X,E ⊗OX(2)⊗a) = 0, for all a ∈ Z and i = 1, . . . ,dim(X)− 1.
2) Hi(X,E ⊗OX(2)⊗a ⊗ V) = 0, for all a ∈ Z and i = 1, . . . ,dim(X)− 1.
Proof. Let E be absolutely split. Then E ⊗ L ∼=⊕O
P
2m−1
L
(ai), with 2m − 1 = dim(X). But for
the cohomology of the projective space we have Hi(P2m−1L ,OP2m−1L (a)) = 0, for all a ∈ Z and
i = 1, . . . ,2m− 2. Since Hi(X ⊗L,E ⊗L) = Hi(X,E)⊗ L, the two conditions hold.
Conversely, assume the conditions hold. Then Hi(P2m−1L , (E ⊗ L)(a)) = 0, for all a ∈ Z and
i = 1, . . . ,2m− 2. So by the Horrocks criterion E is absolutely split. 
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